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Abstract

Summary of studies is presented towards beam injection design op-
timization in the 16 GeV Fermilab Proton Driver. Painting injection
system, which consists of two sets of fast horizontal and vertical mag-
nets, permits to realize uniform density distribution of the circulating
beam at injection required for the beam space charge effect reduction.
Analytical formulas for stripping efficiency, proton hits distribution
and average number of hits upon the stripping foil are written and
the results of analytical calculations are verified with numerical sim-
ulations. The temperature buildup during injection pulse and steady
state temperature of the foil are calculated from analytical distribu-
tions of the proton hits.

1 Introduction

A 16 GeV Proton Driver lattice parameters [1] are presented in Table 1.
There are three 48m long straight sections in the ring. One of them,

called below “utility section”, is used for the beam injection, extraction and
collimation [2], and two others are used for RF cavities. The Proton Driver
beta functions and dispersion along the accelerator and in the utility section
are shown in Figures 1 and 3.

The beam extraction system is located at the first half part of the utility
section. It consists of 3.5m length vertical kicker magnet and three Lam-
∗Work supported by the U. S. Department of Energy under contract No. DE-AC02-

76CH03000
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Kinetic energy at injection 0.4 GeV
Extraction kinetic energy 16 GeV

Circumference 647.9 m
Injected beam normalized transverse emittance (95%) 3 ·mm.mrad

Normalized transverse emittance after painting 60 ·mm.mrad
Painting injection duration 90 µs ( 27 turns )

Protons per bunch at injection 8.25 · 1012

Protons per bunch at extraction 7.5 · 1012

Number of bunches 4
Total intensity at injection 3.3 · 1013

Total intensity at extraction 3 · 1013

Repetition rate 15 Hz
Longitudinal emittance 2 eV · s

RF frequency at injection 1.20 MHz
RF frequency at extraction 1.69 MHz

RF voltage 1.2 MV
SIN (ϕs) at injection 0.087266

Horizontal betatron tune 10.78991
Vertical betatron tune 10.50717

Horizontal beta at the foil 20.083 m
Horizontal α at the foil -0.686

Horizontal dispersion at the foil 0.68 m
Vertical beta at the foil 11.870 m

Vertical α at the foil 0.587
Horizontal beam size at injection in the foil σx = 3.1 mm

Vertical beam size at injection in the foil σy = 2.4 mm

Table 1: Proton Driver parameters.

bertson magnets (Lamb-1, 2, 3) which extract the beam from accelerator in
horizontal plane (Figure 3).

The beam halo collimation system [3] is used to localize proton losses in
a specially shielded short section of accelerator, and so to reduce irradiation
of the rest part of the ring to acceptable level. It consists of two primary,
and seven secondary collimators located in a drift spaces of the last two
accelerator lattice cells upstream of and in the first half part of the utility
section.
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Figure 1: 16 GeV Proton Driver beta functions, dispersion and beam size
after painting.

2 Painting Injection

Painting injection is required to realize uniform density distributions of the
beam in the transverse plane. It is performed by using two sets of horizontal
and vertical fast magnets (kickers). Proton orbit is moved in the horizontal
plane at the beginning of injection by 46.3mm to the thin graphite stripping
foil to accept first portion of protons generated by the H− in the foil (Figure
2). Three 0.5 m long kicker magnets are used to produce orbit displacement
(Figure 3). Maximum field of magnets is 0.35 kG. Horizontal kick for beam
painting is shown in Figure 4. Gradual reduction of the kickers strength
permits to “paint” the injected beam across the accelerator aperture with re-
quired emittance. Vertical kicker magnets located in the injection line (not
shown here) provide injected beam angle sweeping during injection time,
starting from maximum at the beginning of injection and going to zero at
the end of painting process. Horizontal and vertical kickers cause particles
betatron amplitude variation during injection, that results to uniform dis-
tribution of the circulating beam after painting. Painting starts from the
central region of phase space in horizontal plane and from the border of it
in the vertical plane, and goes to the border of the beam in horizontal plane
and to the center in the vertical plane. This produces elliptical cross section
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Figure 2: Injected and circulating beams location in the foil at painting.

of the beam eliminating particles with maximum amplitudes in both planes
simultaneously.

Beam painting reduces beam space charge effect and results to the beam
emittance preservation at injection. The beam size in the utility section
after painting is presented in Figure 4.

Two 1.5m long accelerator magnets located from both sides of the foil
(bump-magnets in Figure 3) are used to separate the proton and H− beams
at the quadrupole triplet upstream of the foil by 638 mm and at the collima-
tor downstream of the foil. This allows for the H− beam to pass outside of
the quadrupole body. Beam dump located behind the stripping foil is used
for Ho components interception. Three more magnets (two - upstream, and
one - downstream of the separation magnets) are used for dispersion com-
pensation outside of the injection region (Figure 5). Horizontal dispersion
in the foil is equal to 0.68m. This scheme does not need usually used special
large aperture bump magnets and septum-magnet to transport H− beam
outside the accelerator quadrupole, but unfortunately it brakes periodicity
of accelerator.

A multi-turn particle tracking through the accelerator is done with the
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Figure 3: Beam extraction, collimation and beam painting schemes location
and beta functions and dispersion in the utility section.
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STRUCT [4] code. A stripping foil made of 300µg/cm2 (1.5 µm) thick
graphite is located between the separation magnets. The foil has the shape
of so-called corner foil, where two edges of the square foil are supported and
the other two edges are free. The foil size is 2.5cm × 2.5cm.

The dependence of kicker-magnets strength on time is chosen to get uni-
form distribution of the beam after painting both in horizontal and vertical
planes. An optimal waveform of bump-magnets [5] was simulated in the
STRUCT code as presented below:

- in horizontal plane

B = Bo

0.445 + 0.555

1−
√

2 N
27
−
(
N

27

)2
 N < 27 (1)

B = Bo

[
0.445− N − 27

13.483

]
N > 27 (2)
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Figure 6: Horizontal (left) and vertical (right) phase plane in the foil at
injection.

- in vertical plane

Y ′ = Y ′o

√
2

27−N
27

−
(

27−N
27

)2

Y ′o = 1.509 mrad (3)

Here N - turn number from the beginning of painting.

Horizontal phase plane of injected beam in the foil is shown in Figure
6. Emittance of injected beam at 95% is equal to 3mm ·mrad.

Painting lasts during 27 turns, and after painting the circulating beam
moves out of the foil during 6 turns to complete particles interaction with
the foil. In the simulations horizontal bump amplitude at the foil is 46.3
mm = 25.7 mm (painting) + 20.6 mm (removing from the foil) (Figure 2),
vertical angle variation is 1.509mrad. Horizontal and vertical phase plane of
circulating beam in the foil at 6-th, 28-st, and 33-d turns from the beginning
of beam painting are presented in Figure 7.

Horizontal bump-magnet strength and vertical angle of the beam in the
foil during injection are presented in the top of Figure 8. Particle trans-
verse population and particle density distribution in the foil after painting
are shown in the middle and at the bottom of Figure 8. The beam painting
bump functions are chosen to get uniform distribution of the beam for beta-
tron tunes which are far from low order betatron resonances. Unfortunately
vertical betatron tune is close to half integral, that causes nonuniform ver-
tical distribution of the beam after painting. This can be fixed by tuning
the accelerator off the resonance.

Average number of hits upon the stripping foil for each particle is as low
as 3.72. This effects low level nuclear interactions and multiple Coulomb
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Figure 7: Horizontal (left) and vertical (right) phase plane in the foil at 6-th
(top), 28-th (middle), and 33-d (bottom) turn from the beginning of beam
painting.

scattering in the foil at injection, and because of this causes low level particle
loss at injection.

Circulating beam protons pass several times through the foil and some
of them can be lost because of scattering in the foil. A multiple Coulomb
scattering angle is very small because of small thickness of the foil. Particle
energy loss in the foil at one pass is 0.7 · 10−6. The rate of nuclear inter-
actions in the foil during the total process is 3.7 · 10−5. The emittance of
circulating beam in horizontal plane is small in the beginning of painting and
it gradually reaches the maximum only at the end of painting. Therefore
horizontal amplitude of particles, in average, is sufficiently less compared to
the accelerator aperture. Particles can be lost only during the first few turns
after injection, and only in the region of injection kick maximum where the
beam is close to accelerator aperture. At every next turn after particles were
injected, they move out of the aperture restriction because of fast reduction
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of painting kick amplitude. Simulations shown that the rate of particle loss
in the accelerator at interaction with foil is as low as 7.4 · 10−5.

3 Analytical calculations of proton distribution and
temperature raise upon the stripping foil

The standard notation was used in the next section, namely c is the speed
of light, h̄ is the Planck constant, k is the Boltzmann constant, mec

2 is
the electron rest mass, re is classical electron radius, Na is the Avogadro
number, σSB is the Stefan-Boltzmann constant, M and E are particles mass
and kinetic energy, β = |~v|

c is particle speed Ni is the number of particles
injected per turn, σx and σy are r.m.s. for Gaussian distribution of injected
beam at the foil, A,Z and I are mass, charge and ionization potential of
foil atoms, ρ, cp, κ and ε are the material density, specific heat, thermal
conductivity and emissivity.

3.1 Deposited energy density

The energy deposited by protons into the foil by the beam can come from
nuclear or electromagnetic interactions. We do not consider contribution
from nuclear interaction due to very small foil thickness usually used in the
painting setup. With nuclear interaction length in the tens of centimeters
the interaction probability is less then 10−6.

The density of deposited energy from proton source in GeV
cm3·sec during one

injection pulse is:

S(~r, t) =
N

2πσ2
· |dE
dz
| · e−r2/2σ2 · δ(t) (4)

where δ(t) is Dirac’s delta-function. It is properly normalized, so that the
total energy deposition is

Stotal =
∫
V
d3~r

∫
dt S(~r, t) = N · |dE

dz
| ·∆z

where ∆z is the foil thickness. From Review of Particle Physics [8] the
ionization energy loss - the main energy deposition source in the case of thin
foil - can be written as Bethe-Bloch expression:

−dE
dz

= K · Z
A
· 1
β2

[
1
2

log
2mec

2β2γ2Tmax
I2

− β2 − 1
2
δ] (5)

10



where K is equal to 4πNar
2
emec

2 (0.307075 MeV ·cm2

g ), Tmax is the maximum
energy transfer in one collision and can be written:

Tmax =
2mec

2β2γ2

1 + 2γme/M + (me/M)2
.

and δ is density correction, calculated according to Sternheimer approxima-
tion.

3.2 Heat propagation

The heat propagation in 3D can be described by Fourier-Kirchoff equation:

cpρ
∂T

∂t
= ~∇(κ(~r) · ~∇T ) + S(~r, t) (6)

We don’t take into account cooling due to emission yet. If κ doesn’t depend
on coordinates, the equation (6) could be rewritten as

∂T

∂t
= a(~∇2T ) +

S(~r, t)
ρ · cp

, (7)

where a is equal to κ/cpρ (cm2 ·sec−1). In order to solve (7) we put the heat
transfer equation with δ(~r, t) source and look for Green’s function. If we’re
looking for Green’s function of the heat transfer equation without sources,
heat transfer equation can be easily written as follows

∂T

∂t
− a(~∇2T ) = δ(~r, t). (8)

Green’s function for above equation is well-known [9] and can be written as
follow for 3D case:

G3d(~r0 − ~r, t0 − t) =
θ(t0 − t)

(2
√
aπ(t0 − t))3

e
− (~r0−~r)

2

4a(t0−t) , (9)

and for 2D case (no heat propagation in z direction):

G2d(~r0 − ~r, t0 − t) =
θ(t0 − t)

4πa(t0 − t)
e
− (~r0−~r)

2

4a(t0−t) . (10)

It is now quite easy to get the heat distribution using convolution of Green’s
function and heat source:

T (~r0, t0) = T0 +
1
ρcp

∫
V
d3~r

∫
dt G(~r0− ~r, t0 − t) · S(~r, t).

11



For 2D case we can get following expression using source term (4) and 2D
Green’s function (10):

T (~r, t) = T0 +
N

2πσ2ρcp
· |dE
dz
| · θ(t)

1 + 2at/σ2
e
− ~r2

2σ2(1+2at/σ2) . (11)

If we do have injection pulses following each other after τ seconds, then
source term (4) will be transformed into

S(~r, t) =
N

2πσ2
· e−r2/2σ2 ·

n∑
j=0

δ(t− jτ), (12)

where n is equal to [t/τ ]. Therefore, the solution (11) will be rewritten into

T (~r, t) = T0 +
N

2πσ2ρcp
|dE
dz
|

n∑
j=0

θ(t− jτ)
1 + 2a(t− jτ)/σ2

e
− ~r2

2σ2(1+2a(t−jτ)/σ2) . (13)

Considering the maximum temperature point ~r = 0, it is easy to get ana-
lytical expression for T (~0, t):

T (~0, t) = T0 +
N

4πaτρcp
|dE
dz
| [ψ(−σ

2 + 2at
2aτ

)− ψ(n+ 1− σ2 + 2at
2aτ

)],

where ψ(x) is digamma (logarithm derivative of Γ(x)) function [11].

3.3 Heat emission

The another mechanism to dissipate heat after the pulse of injection is a
heat emission. It is quite obvious that it is predominant way of the heat
dissipation due to very small foil thickness.

The energy emission of the black body is proportional to the temperature
in the forth power, the Stefan-Boltzmann law:

Q = σSB · T 4.

Stefan-Boltzmann law is applicable for any material if we define the mate-
rial emissivity ε as the ratio between particular material heat emission and
equivalently heated black body. Therefore, the heat propagation equation
with emission as the only mechanism to cool the foil is

∂T

∂t
=
S(~r, t)
ρcp

− 2εσSB
∆zρcp

· (T 4 − T 4
0 ), (14)
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We will solve (14) in two steps. First, consider time interval from 0 to very
small ε. Emission did not change the temperature, therefore the only viable
will be source term and after integration over t from 0 to ε we have

Tε = T0 +
1
ρcp

N

2πσ2
|dE
dz
|e−r2/2σ2

. (15)

Then we’ll solve the equation

∂T

∂t
= − εσSB

∆zρcp
· (T 4 − T 4

0 ), (16)

starting from time point ε and using Tε (15) as initial value. Integration of
(16) gives us the implicit equation for T (t) dependence:

− εσSB
∆zρcp

(t−ε) =
1

2T 3
0

[arctan
Tε
T0
−arctan

T

T0
]+

1
4T 3

0

[log
T − T0

Tε − T0
−log

T + T0

Tε + T0
].

(17)
In order to get the solution of (14) it is obvious we have to get the limit
ε→ 0. Such limit only removes ε from the right part of equation (16). For
clearness, we provide the explicit dependence in the next equation

t =
∆zρcp

4T 3
0 εσSB

[arctan
T0(T (~r, t)− Tε(~r))
T 2

0 + Tε(~r)T (~r, t)
+

1
2

log
(Tε(~r)− T0) · (T (~r, t) + T0)
(Tε(~r) + T0) · (T (~r, t)− T0)

].

(18)
But it is probably impossible to get explicit dependence T (~r, t) trying to
reverse (17), therefore numerical solution is required.

The solution might be greatly simplified if we consider the case when T0

is equal to 0. In that case the equation (16) will be rewritten into

∂T

∂t
= −2εσSB

∆zρcp
· T 4 (19)

with initial temperature being Tε = N
2πσ2ρcp

|dEdz | exp(−~r2/2σ2). The solution
is quite simple

1
T 3
− 1
T 3
ε

=
3εσSB
∆zρcp

(t− ε),

which after taking the limit ε → 0 and resolving relative to T gives us the
final answer:

T = Tε ·3
√

∆zρcp
6εσSBT 3

ε t+ ∆zρcp
.
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To find the temperature behavior at injection than pulses follow each
other with τ seconds between them (see (12)), it is easy to write down the
recursive procedures for the temperature at the given time

Tjτ = Tε+(j−1)τ ·3
√√√√ ∆zρcp

3εσSBT 3
ε+(j−1)τ · τ + ∆zρcp

,

Tjτ+ε = Tjτ +
N

2πσ2ρcp
|dE
dz
| exp(−~r2/2σ2),

T (jτ < t < (j + 1)τ) = Tjτ+ε ·3
√

∆zρcp
3εσSBT 3

jτ+ε · t+ ∆zρcp
.

Same scheme can be written for T (t) dependence when T0 is not equal to
0, but from (18) it is obvious that Tjτ and T (jτ < t < (j + 1)τ) could be
obtained only numerically.

3.4 Beam painting and foil heating

We have to take into account the beam movement and therefore the source
change during painting. The following notation is used below: xkn and ykn
being the center of injected bunch. Index k is the turn index while n denotes
the injection index. There are some conditions on k and n, namely 0 ≤ n ≤
Nc = 27 and n ≤ k ≤ Nc +Nf , where Nf is the number of turns for beam
removal from the foil at the end of injection. The circulating orbit position
(1, 2):

xok = x0{p0 + p1 · [1−
√

2k
Nc
− (

k

Nc
)2]} N ≤ 27

xok = x0 · p0{1−
k −Nc

Nf
} N > 27

yok = 0

where p0 and p1 denotes orbit position at the end of painting and amplitude
of the closed orbit bump during the painting process. Obviously, p0+p1 ≡ 1.
As was mentioned early, painting starts from the center of the beam in
horizontal plane and from large amplitude in a vertical plane, producing an
elliptical cross section of the circulating beam. The beam is injected to the
ellipse with current transverse amplitudes (3) of

xen = p1 · x0 ·
√

2n
Nc
− (

n

Nc
)2
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Figure 9: Proton hits distribution upon the stripping foil at painting injec-
tion.

yen = y0

√
2 · Nc − n

Nc
− (

Nc − n
Nc

)2

We now can write down the expression for xkn and ykn. Knowing the
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horizontal and vertical tunes νx and νy

xkn = xok + xen · cos[2πνx(k − n)]
ykn = yok + yen · cos[2πνy(k − n)− π/2]
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or if we define Ni as number of particles injected in one cycle, the proton
density SN(~r, t) will be

SN(~r, t) =
Ni

2πσxσy

Nc∑
n=0

Nc+Nf∑
k=n

e−(x−xkn)2/2σ2
x−(y−ykn)2/2σ2

y

and for foil with left lower corner (xll, yll) and upper right corner (xur, yur)
we can get the average number of collisions as the result of integration

< Ncol >=
1

Nc ·Ni

∫ xur

xll

dx

∫ yur

yll

dy SN (~r, t)

Integrating this one can get

< Ncol > =
Nc∑
n=0

Nc+Nf∑
k=n

[erf(
xur − xkn√

2σx
) + erf(

xkn − xll√
2σx

)] ·

[erf(
yur − ykn√

2σy
) + erf(

ykn − yll√
2σy

)]/4Nc

Next, very similar expression gives us the total energy deposited in the
foil:

Etot =
∆z
4Nc

Nc∑
n=0

Nc∑
k=n

[|dEp
dz
|+ 2|dEe

dz
|δn,k][erf(

xur − xkn√
2σx

) +

erf(
xkn − xll√

2σx
)][erf(

yur − ykn√
2σy

) + erf(
ykn − yll√

2σy
)]

3.5 Solution for heat transfer and heat emission

If we have both heat emission and heat transfer the equation become more
complicated. Combining (7) and (14) together, one can get

∂T

∂t
= a(~∇2T ) +

S(~r, t)
ρcp

− 2εσSB
∆zρcp

· (T 4 − T 4
0 ), (20)

The only way to solve such equation is numerically, using code such as
ANSYS [10].
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Figure 11: Steady state maximum temperature distribution in the stripping
foil at painting injection to the proton driver.

3.6 Stripping efficiency

Most of injected H− are stripped into protons in the foil and the rest into
each excited state of Ho(n) atoms, where n is the principal quantum number
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of the excited state. Some excited states decay into protons on the way to
Ho dump. Those particles become a beam halo, and are lost somewhere
else in the ring or are intercepted by the collimation system. Defining σif
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Figure 13: Carbon foil stripping efficiency.

as cross-section for the process H i → Hf + (f − i)e− we could write the
stripping efficiency (Figure 13)

N+ = 1− σ−10 exp {−σ01x} − (σ01 − σ−11) exp {−(σ−10 + σ−11)x}
σ−10 + σ−11 − σ01

Number of Ho(n) atoms in a highly excited state (n ≥ nex), assuming the
yield of excited state, is proportional to n−3:

Y (n ≥ nex) = (1−N+) ·
∑∞
n=nex n

−3∑∞
n=1 n

−3
= (1−N+) · ψ

′(nex)
ψ′(1)

4 Results of analytical calculations

In this part we try to estimate the foil stripping efficiency, the proton hits
distribution and foil temperature after 400 MeV proton beam injection into
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the machine during 27 turns with following beam removal from the foil
during 6 turns.

The calculations are done in following assumptions:
1. Electrons are stripped immediately and then pass through the foil

independently;
2. Nuclear interactions in the foil are negligible small, therefore the main

energy deposition sources for a very thin foil are proton restricted
ionization energy loss −dEpdz ·

∆z
<cos θp>

' −dEpdz · ∆z and electron

energy loss during stripping phase −2dEedz ·
∆z

<cos θe>
. Here ∆z is

a foil thickness and < cos θp >' 1 and < cos θe > are proton and
electron angle at stripping.

3. At the kinetic energy of ≈ 218keV for electrons accompanied this pro-
cess the range and −dEedx according to the ICRU37 are 580 ·102 µg

cm2 and
2.4MeV ·cm2

g respectively. Therefore we assume electron contribution to
the heating is approximately equal to -2dEedx ∆se;

For the carbon foil parameters:
• density ρ = 2.0 g

cm3

• thickness ∆z = 300 µg
cm2

• specific heat cp = 0.165 cal
g·K

• thermal conductivity κ = 0.057 cal
cm·K·sec

• emissivity ε = 0.80
the calculated stripping efficiency is 99.2% and estimated yield of excited

states Ho(n) atoms with n ≥ 5 is equal to 0.016%. These atoms will be
stripped into protons before they get the dump and become a beam halo.
The rest excited states atoms (n ≤ 4) have a longer lifetime and they will
go to the neutral beam dump.

An average number of proton hits on the foil (3.72) found from simula-
tions is very close to that was calculated analytically (3.80).

The proton hits distribution calculated from formulas above (Figure 9)
was used for foil temperature buildup and steady state temperature calcu-
lations.

Due to pretty large size of H− beam at the foil, small number of collisions
and small electron contribution, the temperature buildup in the foil per pulse
is less than 100K (Figure 10).

The heat emission cooling of the foil due to the Stefan-Boltzmann law

Q = ε · σSB · T 4

at this temperature is small. With only emission as a cooling mechanism the
foil temperature reaches a steady state after about 10 pulses with maximum
temperature of 540K (Figure 11) and minimum around 450K (Figure 12).
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5 Conclusions

Painting injection system, which consists of two sets of fast horizontal and
vertical magnets, permits to realize quasi-uniform density distribution of
the circulating beam required for the beam space charge effect reduction
and emittance preservation at injection.

The analytical formulas for stripping efficiency proton hits distribution
and average number of hits upon the stripping foil are written and the results
of analytical calculations are verified with numerical simulations.

The calculated stripping efficiency is 99.2%, and estimated yield of ex-
cited states Ho(n) atoms with n ≥ 5 is equal to 0.016%. These atoms become
a beam halo.

The temperature buildup during injection pulse and steady state tem-
perature of the foil are calculated from analytical distribution of proton hits.
An instant temperature buildup, calculated with contributions of multiple
collisions, ionization loss from protons and electrons accompanied stripping
process, is a little bit less then 100K.

With only emission as a cooling mechanism the foil temperature reaches
a steady state of ∼ 500K after 10 cycles of injection that is less then 1
second.
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